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THE MONOMIAL CONJECTURE AND ORDER IDEALS
S. P. Dutta
Abstract. In this article first we prove that a special case of the order ideal conjecture,
originating from the work of Evans and Griffith in equicharacteristic, implies the monomial
conjecture due to M. Hochster. We derive a necessary and sufficient condition for the validity
of this special case in terms certain syzygis of canonical modules of normal domains possessing
free summands. We also prove some special cases of this observation.
The main focus of this paper is to establish a relation between the monomial conjecture
due to Hochster [Ho1] and the assertion on order ideals of minimal generators of syzygies of
modules of finite projection dimension, introduced and proved by Evans and Griffith ([E-
G1], [E-G2]) for equicharacteristic local rings. The monomial conjecture asserts that given
a local ring R and a system of parameters x1, . . . , xn of R, (x1 . . . xn)
t 6∈
(
xt+11 , . . . , x
t+1
n
)
.
In [Ho1] Hochster proved this assertion for the equicharacteristic case and proposed it
as a conjecture for local rings of all characteristics. He also showed ([Ho1]) that this
conjecture is equivalent to the direct summand conjecture for module-finite extension of
regular rings. From the equational point of view both these conjectures claim that the
polynomial equation (X1 . . .Xn)
t −
n∑
i=1
YiX
t+1
i = 0 (Xi, Yjs are variables) cannot have a
solution {x1, . . . , xn, y1, . . . , yn} in any noetherian ring, unless the height of (x1, . . . , xn)
is less than n. In the early eighties in order to prove their syzygy theorem ([E-G1]),
[E-G2]) Evans and Griffith proved an important aspect of order ideals of syzygies over
equicharacteristic local rings. We would like to generalize and state their result as a
conjecture on arbitrary local rings in the following way.
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Order ideal conjecture. Let (R,m) be a local ring. Let M be a finitely generated module
of finite projective dimension over R and let Syzi(M) denote its ith syzygy for i > 0.
If β is a minimal generator of Syzi(M), then the order ideal OSyzi(M)(β)(= {f(β)|f ∈
HomR(Syz
i(M), R)}) has grade ≥ i.
For their proof of the syzygy theorem Evans and Griffith actually needed a particular
case of this conjecture: M is locally free on the punctured spectrum and R is regular
local. They reduced the proof of the above conjecture for this special case to the validity
of the improved new intersection conjecture (also introduced by them) and proved its
validity over equicharacteristic local rings by using big Cohen-Macaulay modules. In the
mid-eighties Hochster ([Ho3]) proposed a new conjecture that is deeply homological in
nature—the canonical element conjecture. In this conjecture Hochster assigns a canonical
element ηR to every local ring R and asserts that ηR 6= 0. He proved this conjecture for
the equicharacteristic case. In the same paper Hochster ([Ho2]) showed that the canonical
element conjecture is equivalent to the monomial conjecture and it implies the improved
new intersection conjecture due to Evans and Griffith. Later this author proved the reverse
implication ([D1]). Thus, the monomial conjecture implies a special case of the order ideal
conjecture: the case when M is locally free on the punctured spectrum of R.
In this article we would prove that the validity of the order ideal conjecture over regular
local rings (actually a special case of it) implies the monomial conjecture. First we would
like to propose the following definition.
Consider a finitely generated module M of finite projective dimension over a local ring
R with a minimal free resolution (F•, β•). Let Syz
i(M) denote the ith syzygy of M in F•.
We say that for i ≥ 1, Syzi(M) satisfies the property (0) or simply (0) if for every minimal
generator α of Syzi(M), the ideal I generated by the entries of α in Fi−1 has grade ≥ i.
In our main theorem (Theorem 1.4) we prove the following:
Theorem. The monomial conjecture is valid for all local rings if for every almost complete
intersection ideal J of height d in any regular local ring (R,m), d < dimension of R,
Syzd+1(R/J) satisfies (0).
The idea involved in the proof of this theorem evolved gradually through our work in
([D5], [D7], [D-G]). Actually our assertion is more specific than what is stated above. We
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derive the following from the proof of the above theorem.
Corollary (Notations as above). The monomial conjecture is valid for all local rings if
for every almost complete intersection ideal J of height d in a regular local ring (R,m),
Kd+1(J ;R)
⊗
k → TorRd+1(R/J, k) is the 0-map where K•(J ;R) is the Koszul complex
corresponding to J in R and k = R/m.
Next we prove a proposition (Prop. 1.5) that replaces the previous assertion involving
J with the canonical module Ω of R/J . Let J = (x1, . . . , xd, λ) and let x = (x1, . . . , xd)
denote the ideal generated by an R-sequence. As a corollary we derive:
The monomial conjecture is valid if TorRd (k, R/x) → Tor
R
d (k, R/(x + Ω)) is the zero
map (equivalently TorRd (k,Ω)→ Tor
R
d (k, R/x) is non zero).
The following proposition (prop. 1.6) provides a characterization of the above statement
in terms of syzygies of canonical modules.
Proposition (Notations as above). If Kd+1(J ;R)
⊗
k → TorRd+1(R/J, k) is the 0-map
then Syzd(Ω) (minimal) has a free summand. Conversely, if I is an ideal of R of height d
such that R/I satisfies the Serre-condition S2 and its canonical module Ω is such that
Syzd(Ω) has a free summand, then TorRd (Ω, k) → Tor
R
d (R/x, k) is non-zero, where x
denotes the ideal generated by a maximal R-sequence in I.
As a corollary to our next theorem we observe the following:
Let (R, m) be a equicharacteristic regular local ring. Let I be an ideal in R of codimen-
sion d and let Ω denote the canonical module of R/I. Then Syzd(Ω) has a free summand.
Remark. The above assertion is also valid in the graded equicharacteristic case via the
same mode of proof.
In this connection let us recall that for any finitely generated module M of grade g, no
Syzi(M) can have a free summand for i < g ([D2]).
Our next theorem describes the special cases where we can at present prove that Syzd(Ω)
possesses a free summand.
Theorem. Let (R,m, k) be a regular local ring in mixed characteristic p > 0 and let I
be an ideal of height d in R. Let x denote the ideal generated by a maximal R-sequence
contained in I and Let Ω = HomR(R/I,R/x) denote the canonical module of R/I. Then
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TorRd (Ω, k) → Tor
R
d (R/x, k) is non-zero (equivalently Syz
d(Ω) possesses a free summand)
in the following cases: 1) Ω is S3 and 2) the mixed characteristic p is a non-zero-divisor
on Extd+1(R/I,R).
In our last proposition (1.7) we derive a sufficient condition for Syzd(Ω) to possess a
free summand. We prove that if Ω′ denotes the lift of Ω in R via R→ R/x and if at least
one of x1, . . . , xd is contained in mΩ
′, then Syzd(Ω) has a free summand.
Throughout this work “local” means noetherian local. Over the years different aspects
of the monomial conjecture have been studied, special cases have been proved and new
equivalent forms have been introduced (see [Bh], [Br-H], [D1], [D2], [D3], [D4], [D5], [D6],
[D-G], [Go], [He], [K], [O], [R3], [V]). Statements of four equivalent forms of this set of
conjectures, as proposed by Hochster in [Ho3] are given below for the convenience of the
reader.
A. Direct Summand Conjecture (DSC).
Let R be a regular local ring, and let i : R →֒A be a module-finite extension of R. Then
i splits as an R-module map.
B. Canonical Element Conjecture (CEC).
Let A be a local ring of dimension n with maximal ideal m and residue field k. Let Si
denote the ith syzygy of k in a minimal resolution of k over A, and let θn : Ext
n
A(k, Sn)→
Hnm(Sn) denote the direct limit map. Then θn (class of the identity map on Sn) 6= 0.
C. Improved New Intersection Conjecture (INIC). Let A be as before. Let F• be
a complex of finitely generated free A-modules,
F• : 0→ Fs → Fs−1 → · · · → F1 → F0 → 0,
such that ℓ(Hi(F•)) <∞ for i > 0 and H0(F•) has a minimal generator annihilated by a
power of the maximal ideal m. Then dimA ≤ s.
D. Let (A,m, k = A/m) be a local ring of dimension n which is a homomorphic image of
a Gorenstein ring. Let Ω denote the canonical module of A. Then the direct limit map
ExtnA(k,Ω)→ H
n
m(Ω) is non-null.
Recall that for any equivalent version of this set of conjectures one can assume that
the local ring A is a complete local (normal) domain. We have A = R/P˜ , where R is a
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complete regular local ring. Let S = R/y, where y is the ideal generated by a maximal
R-sequence contained in P˜ . Then A = S/P , P = P˜ /y. Let Ω denote the canonical module
for A; Ω can be identified with HomS(A, S)—an ideal of S. Let E denote the injective hull
of the residue field of S (resp. R) over S (resp. R). For any S-module (R-module) T , we
write T∨ to denote HomS(T,E) (HomR(T,E)) and dimT to denote the Krull dimension
of T . These notations will be utilized throughout this article.
Section 1
Our first proposition is an observation due to Strooker and Stu¨ckrad on a characteriza-
tion of the monomial conjecture ([Str-Stu¨]). This author independently proved a similar
characterization for the direct summand conjecture ([D5]). Since our main focus is on a
proof of the monomial conjecture we provide a proof of this result here.
1.1 Proposition (Th. [Str-Stu¨]). With notations as above, A satisfies MC if and only if
for any system of parameters x1, . . . , xn of S, Ω is not contained in (x1, . . . , xn).
Proof. Let ξ1, . . . , ξn be a system of parameters of A. We can lift it to a system of pa-
rameters x1, . . . , xn for S such that Im(xi) = ξi, 1 ≤ i ≤ n. Conversely, any system of
parameters for S is a system of parameters for A. Let us write x = (x1, . . . , xn) and
ξ = (ξ1, . . . , ξn). The monomial conjecture for A is equivalent to the assertion that, for
every system of parameters ξ1, . . . , ξn of A, the direct limit map α : A/ξ → H
n
m(A) is non-
null [Ho1]. Because S is a complete intersection, the direct limit map β : S/x→ HnmS (S)
is non-null (mS = maximal ideal of S). We have the following commutative diagram
S/x
β
−−−−→ HnmS (S)yη
yγ
A/ξ
α
−−−−→ Hnm(A)
ց
where η is induced by the natural surjection η : S → A and γ = HnmS (η). This implies that
α is non-null⇔ α◦η = γ ◦β is non-null⇔ Hnm(A)
∨ → (S/x)∨ is non-null⇔ Im(Ω→ S/x)
is non-null ⇔ Ω 6⊂ x (recall that, by local duality, Hnm(A)
∨ = Ω).
In our next proposition we deduce the validity of the monomial conjecture for all local
rings from the validity of the same for all local almost complete intersections. We prove
the following:
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1.2 Proposition. The monomial conjecture is valid for all local rings if and only if it
holds for all local almost complete intersections.
Proof. Suppose MC holds for all local almost complete intersections. Let A be a complete
local domain. Then we have A = R/P˜ , where R is a complete regular local ring. We can
choose y1, . . . , yr—a maximal R sequence in P in such a way that P˜RP˜ = (y1, . . . , yr)RP˜ .
Write S = R/y, where y = (y1, . . . , yr) and P = P˜ /y. Then S is a complete intersection,
A = S/P , dimS = dimA, and PSP = 0. Let Ω = HomS(A, S), the canonical module
of A. Consider the primary decomposition of (0) in S: 0 = P ∩ q2 ∩ · · · ∩ qh, where qi
is Pi-primary and height Pi = height P = 0 for 2 ≤ i ≤ h. It can be checked easily
that Ω = q2 ∩ · · · ∩ qh. Choose λ ∈ P −
⋃
i≥2 Pi. Then Ω = Hom(S/λS, S), and S/λS is
an almost complete intersection. Since S/λS satisfies MC by assumption, it follows from
the above proposition that Ω is not contained in the ideal generated by any system of
parameters in S. Hence, by Prop. 1.1, A satisfies MC.
Now we reduce the assertion in the monomial conjecture to a length inequality between
Tor0 and Tor1 on regular local rings.
1.3 Proposition. The monomial conjecture is valid for all local rings if and only if for
every regular local ring R and for every pair of ideals (I, J) of R such that i) I is a complete
intersection, ii)J is an almost complete intersection (i.e., J is minimally generated by
(height J +1) elements), iii) height I + height J = dimR and iv) (I+J) is primary to the
maximal ideal of R, the following length inequality holds:
ℓ (R/(I + J)) > ℓ
(
TorR1 (R/I, R/J)
)
.
Proof. First assume that every pair of (I, J), as in the statement of our theorem, satisfies
the length inequality:
ℓ(R/(I + J)) > ℓ(TorR1 (R/I,R/J)).
By Prop. 1.2, we can assume that A is an almost complete intersection ring of the form
S/λS, where S is a complete intersection and dimS = dimA. Let Ω = Hom(S/λS, S)
denote the canonical module for A. We consider the short exact sequence
0→ S/Ω
f
−→ S → S/λS → 0, (1)
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where f(1) = λ. Let x′′1 , . . . , x
′′
n be a system of parameters for A. We can lift x
′′
1 , . . . , x
′′
n
to x′1, . . . , x
′
n in S in such a way that {x
′
1, . . . , x
′
n} form a system of parameters in S. Let
x′′ = (x′′1 , . . . , x
′′
n) and x
′ = (x′1, . . . , x
′
n). Tensoring (1) with S/x
′ yields the following exact
sequence
0→ TorS1 (S/x
′, S/λS)→ S/(Ω + x′)
f
−→ S/x′ → S/(x′ + λS)→ 0, (2)
where f is induced by f . Then we have the following
Ω 6⊂ x′ ⇔ ℓ(S/(x′ + λS)) > ℓ(Tor1(S/x
′, S/λS)). (3)
As in the proof of the previous proposition, let R be a complete regular local ring
mapping onto S. Now lift x′1, . . . , x
′
n to an R-sequence x1, . . . , xn in R. Write I = x and
J = (y, λ). Then (3) translates to ℓ(R/(I + J)) > ℓ(Tor1(R/I,R/J)), as required in our
statement.
For the converse part of the theorem, write I = (x1, . . . , xn) and J = (y1, . . . , yr, λ),
where x1, . . . , xn and y1, . . . , yr form R-sequences such that n + r = dimR. Let S =
R/(y1, . . . , yr) and A = S/λS, and let x
′
i = Im(xi) in S for 1 ≤ i ≤ n. Write x
′ =
(x′1, . . . , x
′
n) and x = (x1, . . . , xn). Since I + J is primary to the maximal ideal and since
both R/x and S are complete intersections, it follows from [Se] that TorRi (R/x, S) = 0 for
i > 0. This implies that TorRi (R/I,R/J) = Tor
S
i (S/x
′, A) for i ≥ 0. Let Ω = HomS(A, S),
the canonical module for A. Now (1)–(3) and the subsequent arguments complete the
proof.
1.4. Our main theorem is the following.
Theorem. The monomial conjecture is valid for all local rings if for every almost com-
plete intersection ideal J of height d in any regular local ring R, d < dimR, Syzd+1(R/J)
satisfies (0).
Proof. By Prop.1.3 it is enough to prove the following.
Theorem. Let (R,m) be a regular local ring and let I, J be two ideals of R such that
i)R/I is Gorenstein and J is an almost complete intersection, ii) I + J is m-primary
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and iii)height I + height J = dimR. Let n = height I and d = height J . Suppose that
d < dimR and Syzd+1(R/J) satisfies (0). Then
ℓ (R/(I + J)) > ℓ
(
TorR1 (R/I, R/J)
)
.
Proof. Let J = (y1, . . . , yd, λ) where {y1, . . . , yd} form an R-sequence. Let (K•, γ•) =
K•(y1, . . . , yd, λ;R) denote the Koszul complex corresponding to y1, . . . , yd, λ and let H =
H1(y1, . . . , yd, λ;R). Let L• be a minimal free resolution of H and let ψ• : L• → K•(1) be
a lift of H →֒ coker γ2 = G. We have the following commutative diagram
L• : −→ Rrd+1 −→ Rrd −→ Rrd−1 −→ · · · −→ Rr0 −→ H −→ 0yψd
yψd−1
yψ0
y
∩
K•(1) : 0 −→ R
γd+1
−−−→ Rd+1 −→ · · ·
γ2
−→ Rd+1 −→ G −→ 0
The mapping cone of ψ• is a free resolution of J and thereby provides a free resolution
of R/J from which a minimal resolution (F•, β•) of R/J can be extracted.
Claim. Imψd = R.
Proof of the Claim. If not, then Imψd ⊂ m. Then the copy of R = Kd+1 would be a free
summand of Fd+1. Let α be the image of (1, 0) in Syz
d+1(R/J) ⊂ Fd. Since βd+1(1, 0)
is a part or whole of


y1
y2
...
yd
λ


, the height of the ideal generated by the entries of α must
be less than (d + 1). This contradicts our hypotheses that Syzd+1(R/J) satisfies (0) and
hence Imψd = R.
This means that if η• : K• → F• lifts the identity map on R/J , then ηd+1(R) ⊂ mFd+1.
Recall that the spectral sequences {ExtpR(R/J, Ext
q
R(R/I,R))} and {Ext
i
R(Tor
R
j (R/J,
R/I), R)} converge to the same limit when p + q = i + j. Since R/I is Gorenstein, we
have ExtiR(R/I, R) = 0 for i 6= n and Ext
n
R(R/I, R) ≃ R/I. Since ℓ(R/(I + J)) <∞ and
R is regular local of dimension (n + d), each of the above spectral sequence degenerates.
Hence
Extn+dR
(
TorR1 (R/J, R/I), R
)
≃ Extd+1R (R/J, R/I). (1)
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By (1) and local duality we have
ℓ
(
TorR1 (R/I, R/J)
)
= ℓ
(
Extd+1R (R/J, R/I)
)
. (2)
We also note that since n + d = dimR and ℓ (R/(I + J)) < ∞, ExtiR(H, R/I) = 0 for
i < d.
The mapping cone of ψ• leads to the following exact sequence:
0→ K• → (a free resolution of R/J from the mapping cone of ψ•)→ L•(−2)→ 0.
Since Extd−1R (H, R/I) = 0 applying HomR(−, R/I) to this sequence we obtain the follow-
ing short exact sequence
0→ Extd+1R (R/J, R/I)→ H
d+1(y1, . . . , yd, λ;R/I) = R/(I + J).
This inclusion cannot be an isomorphism since ηd+1(R) ⊂ mFd+1.
Thus, from (2), ℓ (R/(I + J)) > ℓ
(
TorR1 (R/I, R/J)
)
and the proof of our theorem is
complete.
We have the following corollary from the above proof.
Corollary. The monomial conjecture is valid if for every almost complete intersection
ideal J of height d in a regular local ring (R,m, k = R/m), Kd+1(J ;R)
⊗
k → Tord+1(R/J, k)
is the 0-map where K•(J ;R) is the Koszul complex corresponding to J in R.
The proof of this corollary follows from our observation after the diagram and the claim
in the proof of the above theorem.
1.5. In our next proposition we study the assertion in the above corollary.
Proposition. Let (R,m) be a local ring of dimn. Let {x1, . . . , xd} ⊂ m be a regular se-
quence on R and let λ be a 0-divisor and not a parameter on R/x, x = the ideal generated
by x1, . . . , xd. Let Ω = Hom(R/(x, λ), R/x). Let K•(x, λ;R) = K•(x1, . . . , xd, λ;R) and
K•(x;R) denote the Koszul complexes corresponding to x1, . . . , xd, λ and x1, . . . , xd respec-
tively. Let (L•, c•) be a minimal free resolution of Ω. Let ψ• : L• → K•(x, λ; γ•)(+1) and
φ• : L• → K•(x; δ•) be lifts of Ω ≃ H1(x, λ;R) →֒G = Coker γ2 and Ω →֒R/x respectively.
Then Imψd = R if and only if Imφd = R.
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Proof. We have the following commutative diagrams:
L• : −→ Rrd+1 −→ Rrd −→ Rrd−1 −→ · · · −→ Rr0 −→ H1 = Ω −→ 0yψd
yψd−1
y
y
∩
K•(x, λ;R)(+1) : 0 −→ R −→ R
d+1 −→ · · · −→ Rd+1 −→ G −→ 0
(1)
and
L• : −→ Rrd+1 −→ Rrd −→ Rrd−1 −→ · · · −→ Rr0 −→ Ω −→ 0yφd
yφd−1
y
y
∩
0 −→ R
αd−→ Rd −→ · · · −→ R −→ R/x −→ 0
(2)
Suppose that Imψd = R. Let η• : K•(x, λ;R)(+1) → K•(x;R) denote the natural
surjection. Since ηd = IdR, ηd · ψd : R
rd → R is surjective. Since η• · ψ• : L• → K•(x;R)
lifts Ω →֒R/x, η•ψ• is homotopic to φ•. Hence φd(R
rd) = R. Conversely let Imφd = R.
Let multiplication by λ : K•(x;R)→ K•(x;R) lift the multiplication by λ on R/x. Since
λΩ = 0 in R/x, λ·φ• is homotopic to the 0-map: L• → K•(x;R). Let h• = (hi)0≤i≤d−1
denote corresponding homotopies; hi : R
ri → R(
d
i+1). Since K•(x, λ;R) is the mapping
cone of λ : K•(x;R)→ K•(x;R), we can define ψ
′
• : L• → K•(x;λ;R), lifting Ω = H1 →֒G,
in the following way: ψ′•(R
ri) = (φi, hi). Then ψ
′
d(R
rd) = R. Since ψ′•, ψ• both lift the
inclusion Ω →֒G, they are homotopic and hence ψd(R
rd) = R.
Corollary (with notations as above). Let J = (x1, . . . , xd, λ) be an almost complete in-
tersection ideal in a regular local ring (R,m, k) and let Ω denote the canonical module of
R/J . Then Kd+1(J ;R)
⊗
k → TorRd+1(R/J, k) is the 0-map if and only if Tor
R
d (R/x, k)→
TorRd (R/(x+ Ω), k) is the 0-map or equivalently Tor
R
d (Ω, k)→ Tor
R
d (R/x, k) is non-zero.
1.6. The following proposition is partially a consequence of the above proposition.
Proposition (Notations as in the previous corollary). If Kd+1(J ;R)
⊗
k → TorRd+1(R/J, k)
is the 0-map then Syzd(Ω) (minimal) has a free summand. Conversely, if I is an ideal of
R of height d such that R/I is S2 and its canonical module Ω is such that Syz
d(Ω) has
a free summand, then TorRd (Ω, k)→ Tor
R
d (R/x, k) is non-zero, where x denotes the ideal
generated by a maximal R-sequence in I.
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Proof. Let us assume that Kd+1(J ;R)
⊗
k → TorRd+1(R/J, k) is the 0-map. This implies,
by diagram (1) in the proof of the above proposition, that ψd(Ld) = R. Then we can write
Ld = R
⊕
F where F = kerψd. Hence, from the commutativity of the diagram (1) in
proposition (1.5), it follows that cd+1(Ld+1) ⊂ F and this implies that Syz
d(Ω) has a free
summand.
Conversely let (L•, c•) denote a minimal free resolution of Ω. If Syz
d(Ω) has a free
summand then Ld has a free generator e such that c
∗
d+1(e
∗) = 0 (−∗ = HomR(−, R)).
Let L∗• denote the complex 0 → L
∗
0 → L
∗
1 → ... → L
∗
d → G → 0. Since grade Ω > d,
L∗• is exact. Then im e
∗ ∈ Extd(Ω, R) is non-zero and is a minimal generator of G. Let
x1, . . . , xd be a maximal R sequence contained in I and let x denote the ideal generated by
them. Since R/I is S2, we have Ext
d(Ω, R) ∼= Hom(Ω,Ω) ∼= R/I. Let Gd+i = Coker c
∗
d+i
for i > 1. We consider the following short exact sequences :
0→ R/I → G→ Im c∗d+1 → 0, 0→ Im c
∗
d+1 → L
∗
d+1 → Gd+1 → 0,
0→ Extd+1(Ω, R)→ Gd+1 → Im c
∗
d+2 → 0, . . . ,
0→ Im c∗n−2 → L
∗
n−2 → Ext
n−2(Ω, R)→ 0.
Since Ω is S2, it follows from the above sequences that grade Ext
i(Ω, R) > i + 2 for
i > d and hence it can be easily checked that Ω = ExtdR(G,R)
∼= ExtdR(R/I,R). Let
α denote the composite of R/x → R/I ∼= ExtdR(Ω, R) →֒ G, where im1 ∈ R/x goes to
im e∗ ∈ Extd(Ω, R). Let φ∗• : K•(x;R)→ L
∗
• denote a lift of α. Then φ• : L• → K
•(x;R)
lifts the injection Ω = Extd(G,R) →֒ R/x, where φd(Ld) = R. Thus, we obtain our
required assertion.
In our next theorem we prove that for any ideal in a regular local ring the first part of
the above proposition is implied by the validity of the order ideal conjecture.
Theorem. Let us assume that the order ideal conjecture is valid for a regular local ring
(R,m, k). Let I be any ideal of R of codimension d and let Ω denote the canonical module
of R/I. Then Syzd(Ω) has a free summand.
Proof. Let (F•, φ•) :→ Fd → Fd−1 → · · · → F1 → R→ 0 denote a minimal free resolution
of R/I over R. Let F ∗• denote the complex: 0 → R
φ∗1−−→ F ∗1 → · · · → F
∗
d → Gd → 0
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where Gd+i = Cokerφ
∗
d+i, for 0 ≤ i ≤ 1. Since height of I = d, we have Hi(F
∗
• ) = 0 for
i < d and Ω = Extd(R/I,R) →֒ Gd. Let L• be a minimal free resolution of Ω and let
ψ• : L• → F
∗
• lift Ω →֒ Gd. Then ψd(Ld) = R; for otherwise in the minimal free resolution
P• of Gd+1 obtained from the mapping cone of ψ•, Pd+1 would contain a copy of R = L
∗
0
as a summand. Let I = (y1, . . . , ys) where s = ℓ(Tor
R
1 (k, R/I)). Since height of I = d and
φ∗1(1) = (y1, . . . , ys), this would contradict the order ideal conjecture. Hence ψd(Ld) = R.
This implies, by a previous observation, that Syzd(Ω) has a free summand.
Corollary. Let (R,m) be a equicharacteristic regular local ring and let I be an ideal of R
of codimension d. Let Ω denote the canonical module of R/I. Then Syzd(Ω) has a free
summand.
Remark. The above assertion is also valid in the graded equicharacteristic case via the
same mode of proof.
Our next theorem describe the cases where we are at present able to prove that Syzd(Ω)
possesses a free summand.
Theorem. Let (R,m, k) be a regular local ring in mixed characteristic p > 0 and let I
be an ideal of height d in R. Let x denote the ideal generated by a maximal R-sequence
contained in I and Let Ω = HomR(R/I,R/x) denote the canonical module of R/I. Then
TorRd (Ω, k) → Tor
R
d (R/x, k) is non-zero (equivalently Syz
d(Ω) possesses a free summand)
in the following cases: 1) Ω is S3 and 2) the mixed characteristic p is a non-zero-divisor
on Extd+1(R/I,R).
Proof. Let (F•, φ•) :→ Fd → Fd−1 → · · · → F1 → R→ 0 denote a minimal free resolution
of R/I over R. Let F ∗• denote the complex: 0 → R
φ∗1−−→ F ∗1 → · · · → F
∗
d → F
∗
d+1 →
F ∗d+2 → 0. Let Gd+i = Cokerφ
∗
d+i, for 0 ≤ i ≤ 2. We have following short exact sequences
for 0 ≤ i ≤ 2:
0→ Extd+i(R/I,R)→ Gd+i → Imφ
∗
d+i+1 → 0.
Let F ′• denote the complex F
∗
• truncated at the dth spot i.e. H0(F
′
•) = Gd. Since height
of I = d, F ′• is a minimal free resolution of Gd. Let L• be a minimal free resolution of Ω
and let ψ• : L• → F
′
• denote a lift of the inclusion Ω = Ext
d(R/I,R) →֒ Gd.
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Claim. Suppose that either Ω is S3 or p is a non-zero-divisor on Ext
d+1
R (R/I,R). Then
ψd(Ld) = R.
Proof of the Claim. If ψd(Ld) 6= R, then in the minimal free resolution P• of Gd+1 ex-
tracted from the mapping cone of ψ•, Pd+1 would contain the copy of R = F
′
0 as a
free summand. Let I = (y1, . . . , yr1) where r1 = Tor
R
1 (R/I, k). Since height of I = d
and φ∗1(1) = (y1, . . . , yr1), this would imply that Syz
d+1(Gd+1) does not satisfy (0). Let
S = R/x; then Ω = ExtdR(R/I,R) = HomS(R/I, S). If Ω is S3, then Ext
1
S(R/I, S) = 0,
i.e. Extd+1(R/I,R) = 0 and Hence Gd+1 ≃ Im φ
∗
d+2 →֒ F
∗
d+2. Thus p is a non-zero-divisor
on Gd+1. Let R = R/pR and Gd+1 = Gd+1/pGd+1. Since Gd+1 has finite projective
dimension over R and R is equicharacteristic local ring, Syzd+1 (Gd+1) must satisfy (0) by
the order ideal theorem. This leads to a contradiction and hence ψd(Ld) = R. If p is a
non-zero-divisor on Extd+1(R/I,R), then p is a non-zero-divisor on Gd+1. Hence, arguing
in a similar way as above, it follows that ψd(Ld) = R also in this case.
Let θ•: K•(x;R) → F• denote a lift of R/x → R/I. Dualizing θ• and combining the
diagram corresponding to θ∗• with the same corresponding to ψ• we get our required result.
1.7. Finally we point out a sufficient condition for the assertion in the above theorem to
be valid in a more general set-up.
Proposition. Let (R,m) be a local ring of dimension n and let x1, . . . , xd ∈ m form an
R-sequence. Let λ be a zero-divisor and not a parameter on R/x, x = the ideal generated
by x1, . . . , xd and let Ω = Hom(R/(x, λ), R/x). Let Ω
′ be a lift of Ω in R via the surjection
R → R/x. Let K• = K•(x;R; β•) and (L•, γ•) denote the Koszul complex corresponding
to x1, . . . , xd and a minimal free resolution of Ω respectively. Let φ• : L• → K• denote a
lift of Ω →֒R/x. If at least one of x1, . . . , xd is contained in mΩ
′, then φd(Ld) = R.
Proof. Let R = R/x1R, L• = L• ⊗ R and K• = K•(x;R) ⊗ R. Then H1(L•) = Ω,
Hi(L•) = 0 for i > 1 and H1(K•) = R/x = R/x and Hi(K•) = 0 for i > 1. We have a
canonical surjection η•(= (ηi), i ≥ 1) : K•(+1) → K•(x2, . . . , xd;R) such that η1 induces
the identity map on H1(K•) to R/x = H0(K•(x2, . . . , xd;R)). Let F• denote a minimal
free resolution of Ω over R and let θ• (= (θi)i≥0) : F• → L•(+1) lift the natural inclusion
Ω = H1(L•) →֒ Coker γ2. Then η•φ•θ• : F• → K•(x2, . . . , xd;R) lifts the natural inclusion
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Ω →֒R/x over R. If ηdφdθd−1(Fd−1) = R, then it follows that φd(Ld) = R. Hence by
induction on d it is enough to consider d = 1 and x = xd is contained in mΩ
′.
Let µ1, . . . , µh denote a minimal set of generators of Ω
′ over R. Since x ∈ mΩ′, there
exists a1, . . . , ah ∈ m such that x =
h∑
i=1
aiµi.
Consider the commutative diagram
0 −→ Syz1(Ω) −→ Rh −→ Ω −→ 0yφ1
yφ0
y
∩
0 −→ R
x
−→ R −→ R/xR −→ 0
where φ0(ei) = µi, 1 ≤ i ≤ h. Since x =
∑
aiµi, the element α = (a1, . . . , ah) ∈ Syz
1(Ω)
is such that φ0(α) = x. Hence φ1(Syz
1(Ω)) = R and our proof is complete.
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